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Abstract-This paper presents a relationship between the structural dynamic characteristics of
damaged and intact structures. Such a relationship is derived in the form of an integral equation
and is used to develop a method of flaw identification. The resulting flaw identification procedure
uses the experimental data and relates the flaw to the observed structural dynamic response. The
algorithm enables one to detect the damage locations and the corresponding damage magnitude
simultaneously. Numerical simulations and experiments are conducted to validate the theory. ©
1997 Elsevier Science Ltd.

1. INTRODUCTION

Flaw detection in structural systems in an active research area. The conventional health
monitoring of structures is based on traditional nondestructive evaluation/testing (NDE/T)
methods such as radiography, ultrasonics, acoustic emission, optical methods, thermal
methods, magnetic methods, and eddy current test, etc. With advances in computer science
and technology, the integration ofNDE/T instruments with microprocessors has enhanced
the flexible signal processing capability and fast data storing and retrieving capability, and
thus making many of the traditional NDE/T methods more efficient, for example the
research reported by FrankIe (1993) and Kreier et at. (1993). Despite the well-documented
successes of NDE/T methods, most of the conventional NDE/T methods have drawbacks
and limitations, Usually, conventional NDE/T methods are local in nature, passive and
labor intensive. Very often, special auxiliary instruments and expert explanation are
required.

Flaw detection based on structural dynamic response and system identification tech
niques is another choice. Currently, this is a very active research area. Methods reported in
the literature can be classified into three categories: experimental-data-based methods,
model-based methods and model-free methods based on neural networks and expert
systems.

Experimentat-data-based methods
Experimental-data-based detection methods use only structural dynamic charac

teristics generated by test data. By comparing identified structural dynamic characteristics
of the structure in an intact state with those from the structure at a later date in service, the
damage locations and damage magnitudes are inferred through mathematical manipu
lations. The measured or identified data can be in the form of natural frequencies (Cawley
and Adams 1979a; Pabst and Hagedorn 1993), damping ratios (Lee et al. 1987; Griffin et
at. 1991) mode shapes (Cempel et at. 1992), and curvature mode shapes (Pandey et at.
1991) etc. The advantage of the experimental data-based methods is that a mathematical
model like a refined finite element model of the structure is not required.

Model-based methods
Finite element model-based detection methods are based on the finite element model

(FEM) refinement technique. In model-based methods, it is assumed that an FEM of the
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structure is available before damage has occurred and the FEM and the experimental modal
analysis model (EMA) can be matched under certain criteria for the undamaged structure.
The existence of significant damages in the structure will result in changes of structural
dynamic characteristics such as frequencies, damping ratios and mode shapes. By comparing
the identified data from the measurement of the post-damaged structure and the data from
the calculation of the refined intact FEM, the resulting discrepancy is determined and used
to detect the existence of the flaw, the location of the flaw, and assess the extent of the
damages in the structure. The algorithms for model-based detection methods can be broadly
classified into three classes: optimal matrix modifications (e.g. Rodden 1968; Kabe 1985;
Smith and Beattie 1991), sensitivity-based updates (e.g. Collins et al. 1974; Lin 1993), and
eigenstructure assignment techniques (e.g. Minas and Inman 1990; Zimmerman and Kaouk
1992; Lim 1995). The application of model-based methods has many problems. Usually
the FEM degrees of freedom are very large while the EMA degrees-of-freedom are very
small. In modal based methods, either FEM degrees-of-freedom are reduced or EMA
degrees-of-freedom are increased. Both these procedures lead to errors and loss of physical
interpretability. In addition, manipulation large degrees-of-freedom FEM renders the
method not practical for real time identification of damage.

Model-Jree methods
Model-free detection methods are also known as experience-based detection methods.

The popular algorithms in this category include rule-based expert systems (ES) and artificial
neural networks (ANN) (Wu et al. 1992; Worden et al. 1993; Manning 1994; Rhim and
Lee 1995). Most of the structural flaw identification researches in the literature are limited
to lab models and numerical simulations. The application of model-free methods to the
health monitoring in a real structure is still facing the challenges from the robustness of the
scheme and the efficiency in the neural network training procedures, etc. Our objective is
to improve the accuracy of the experimental data based method. We have developed an
integral equation model that can be used with experimentally generated data to provide an
accurate damage information.

2. IMPROVEMENTS OF EXPERIMENTAL-DATA BASED METHODS

In practice, experimental-data-based methods are still preferred because of their sim
plicity. There are many attempts to improve the accuracy of this method without resorting
to the use of the complicated FEM. First attempts to improve the experimental-data based
methods used the measured or identified natural frequency changes with receptance analysis
(Adams et al. 1978), sensitivity analysis (Cawley and Adams, 1979a, 1979b) and rank
ordering offrequency shifts (Armon et al. 1991). As applied to composites, experimentally
detected frequency or stiffness changes and changes in damping ratios were used by Adams
et al. (1975) and Mantena (1986). More recently, Griffin and Sun (1991) demonstrated a
flaw location procedure for composite beams by using damping changes and strain energy
distribution in vibration modes.

The next step was to consider modes in addition to frequency and damping ratios. The
enhanced sensitivity of curvature mode shapes to damage was demonstrated by Pandey et
al. (1991). Pabst and Hagedorn (1993) proposed a procedure that used Rayleigh quotient
to relate flaws (modeled as stiffness losses) to experimentally determined frequency changes.
In using the Rayleigh quotients, Pabst and Hagedorn assumed that the mode shapes of a
structure in intact and damaged states are the same and interchangeable. However, the
curvature mode information, which is the second derivative of the mode shape, was used
in their detection procedure. The effect of change of mode shapes may be significant in
damage detection problem because perturbation of dynamic characteristics due to damage
may be of the same order. Thus, while using curvature mode information, it is necessary to
reexamine the effect ofcurvature mode changes because they are more sensitive to damages.
Similar to the work reported by Pabst and Hagedorn (1993), Cempel et al. (1992) assumed
that the flaw introduces a perturbation in the stiffness operator with negligible changes of
the normal mode shape, but distinct changes in frequencies.
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3. PROBLEM SETTING

On the basis of the published literature, we can conclude the following. At present, a
rigorous mathematical relation between changes in structural dynamic characteristics of
damaged and undamaged structures is not available. Some of the proposed methods can
detect only partial damage information like flaw existence or flaw locations or the flaw
magnitude. In some other methods, the flaw location and flaw magnitude are obtained
separately (one at a time). In papers of Pabst and Hagedorn (1993) and Cempel et al.
(1992) an assumption was made that the curvature mode shape changes before and after
the damage were very small. The mode shapes and curvatures of the damaged structure
were assumed to be the same as the corresponding intact structure in both references. The
effect of this assumption is studied in this paper.

The objective of this paper is to develop a flaw detection algorithm which is based on
experimentally identified data and a rigorous mathematical relation between the flaw
information and changes in structural dynamic characteristics including mode shapes. In
our work, we assume that the curvature mode shapes of the intact and the damaged
structures are different. Both the frequency information and curvature mode shape infor
mation are used in the detection algorithm.

4. THEORY

4.1. Basic assumptions
In the ensuing discussion of this paper, the following assumptions are made:

(1) Damages to the system can be modeled as a perturbation of fJ.L on the linear operator
L of the structural differential equations, that is, a stiffness variance in the system.

(2) The undamaged system is stable and the perturbation due to damage does not affect the
stability of the system, that is, the presence ofdamage causes only small perturbations in
eigenvalues and eigenfunctions of the system.

(3) Damages occur within the domain of the system, namely, the boundary conditions
remain unchanged due to the damages. That is, all the eigenfunctions of the intact
structure are comparison functions of the damaged structure. Thus, any eigenfunction
of the damaged structure can be expressed as a linear combination of the intact
eigenfunctions.

4.2. Detection theory
Assuming that the eigenvalue problem of an undamaged structure can be written as

L[W(X)]-)"M[XlW(x) = 0 (1)

with appropriate boundary conditions. In eqn (1), L is a linear homogeneous differential
operator; M is a function of spatial variable X; A is a parameter; W(X) is the displacement
in terms of spatial variable X.

Assuming the eigensolutions of eqn (1) are Ai and <Pi' i = 1,2, ... , which satisfy eqn (1)
for an intact or undamaged system, we have

L[<Pi(X)] - AiM[Xl<pi(X) = 0

and the orthogonality conditions

where n is the domain of the structure and

(2)

(3)

(4)
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{
I if i = j

15.; = 0 if i ¥f

Similarly, the eigenvalue problem of the post-damage system is written as

£[W(X)]-iM(X)W(X) = 0 (5)

and the corresponding eigensolutions are A; and 1>;, i = 1,2, ... , which satisfy

(6)

Equations (5) and (6) can be expanded based on the basis of assumptions listed in
Section 4.1. Based on assumption (1), we have

L = L+I1L. (7)

The quantity I1L represents the damage and is of interest to us. In a flaw detection problem,
I1L is unknown. From assumption (2), we can write

(8)

Substituting (7) and (8) into (6), we get

(9)

By subtracting eqn (2) from eqn (9), we obtain

L[I1(Mx)] + I1L[q);(X)] - AjM(X)11(/>;(X) -I1AjM(X)q);(X) = O. (10)

On the basis of assumption (3), damage occurs within the domain of the system. The
boundary conditions remain unchanged due to the damage, all the intact eigenfunctions,
cP;(X), i = 1,2, ... , are comparison functions of the damaged structure. Thus, any eig
enfunction of the damaged structure can be expressed as a linear combination of the intact
eigenfunctions, i.e. the eigenfunction perturbation due to the damage can be expressed as

oc;

I1cP;(X) = L f3;kcPk(X), i = 1,2, ... ,
k=]

where f3jb k = 1,2, ... , are C0nstants.
Introducing (11) in (10), we get

(11)

Multiplying (12) by (MX) and integrating over the structural domain Q on both sides, we
obtain

where
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k a = Sn ¢lX)L[¢;{X)] dO = Ai

ma = Sn ¢i(X)M(X)¢i(X) dO = 1

are from the orthogonality conditions (3) and (4). Thus, eqn (13) can be simplified as
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(14)

(15)

Equations (16) relate the damage information "!iL", eigenvalue changes L1Ai> eig
enfunction ¢i(X) of the undamaged structure, and the eigen function ¢lx) of the damaged
structure in an integral equation form. If the damage is known, i.e. L1L is known, the
functions ¢i(X) constitute the unknowns in equations in (16). In a flaw detection problem,
which is an inverse problem, ¢i(X), ¢i(X) and L1Ai are detected experimentally and L1L is
the unknown quantity that should be identified. The identification procedure and the use
of curvature modes are discussed with a beam example in the next section.

4.3. Beam example
The experimental-data-based flaw detection is essentially an inverse structural dynam

ics problem, which estimates the flaw location and magnitude (or mechanical properties of
the damaged structure) from the given structural dynamic response. In eqn (16), this inverse
problem has been expressed in a form of an integral equation. Since the flaw information
has been expressed implicitly in L1L, which is actually a differential operator, it is difficult
to seek a general solution directly from eqn (16). A more quantitative insight can be
obtained by studying a specific case.

For beam cases, the operator L for an Euler-Benoulli beam can be written as

(17)

For a single damage at x = X o case, the damage to the beam, !:!.L, can be expressed in
a perturbation of L as

where rx is stiffness loss factor; and e5 is the Dirac's delta function.
Substituting (18) into (16) and integrating by parts, we get

= !:!.Ai Sn¢i(X)M(X)¢i(X) dO, i = 1,2, ...

Using the characteristics of the Dirac's delta function, one can easily simplify (19) as

(18)

(19)
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(20)

where K i and Kj are ith mode curvatures of pre- and post-damaged beams, respectively,

(21)

If there is a stiffness loss a at location Xo, the flaw information (the location Xo and
magnitude a) and the structural dynamic response (the curvature mode shapes K i and Kh

and frequencies ,1Jc,) are related by (20). This relation can be easily expanded to a multi
site damage case. In a multi-site damage case, the ,1L can be expressed as

(22)

By substituting (22) into (16) and then integrating by parts, we can get

Equations (23) can be further simplified as

n

L akE1Ki(xk)K(xk) = ,1).imi, i = 1,2, ...
k~l

where

mi = In (MX)M(X)¢j(X) dO, i = 1,2, ...

(24)

(25)

As is shown in Section 6, the left-hand side of eqn (24) displays significant curvature change
effect, whereas the value of mh which depend on the displacement modes, is almost unity.

Based on eqn (24), a flaw detection scheme can be derived by using the combination
of measured curvature mode shapes and frequencies. If there are n measuring stations, we
can assign a stiffness loss factor, ab to each of the measuring location k. Here we assume
that each measuring location is a damage location. If there is no damage at the measuring
location, then the damage coefficient at this location is zero. From here on, the measuring
location k and damage location k are used interchangeably.

If there are m modes of experimental data available for both intact and damaged
structures, eqn (24) can be further expanded into a matrix form

where

[A]{a} = [m]{,1Jc} (26)

[A] is an m x n matrix, and Ai} = EIKj(x)K-;(x) ;
{a} is an n x I vector, its elements stand for flaw magnitude at the measuring stations;
{,1Jc} is an m x I vector, its elements are the eigenvalue differences between damaged

and intact beams;

[m] is an m x m diagonal matrix, and mji = mi'
If m = n, that is, the number of the measuring stations is equal to the number of the

measured modes, then the [A] matrix is square. Thus the solution {a} to eqn (26) is unique.
In real problems, m is usually much larger than n. Numerical treatments are needed to
obtain a reasonable solution for (26).
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5. DETECTION PROCEDURES

In flaw detection procedure based on the proposed algorithm, if we can get a full rank
square matrix A in eqn (26), we are able to detect the flaw location and magnitude
easily by using conventional matrix inverse or many other standard numerical solution
procedures. In practice, it is not realistic to get a full rank square matrix A. To get a full
rank square matrix, we have to either reduce the measurement locations on the structure,
which will reduce the measuring accuracy and detection credibility, or use high-order
experimental modal analysis data, which are hard to obtain and low in accuracy. Usually,
in a flaw detection setup, we have more measuring stations than the available experimental
modal data, that is, we have an m x n rectangular matrix A in eqn (26). The number of the
available experimental modes, m, is usually much smaller than the number of the measuring
locations, n.

To seek a solution from eqn (26) with a rectangular maxtrix A, one can use math
ematical manipulations like the pseudoinverse (or the Moore-Penrose inverse) (Pringle
1971). There are many numerical techniques available for effectively obtaining the pseudo
inverse. One of the powerful methods is based on the "Singular Value Decomposition"
technique (Klema and Laub 1980). The pseudoinverse techniques have been very useful in
linear systems. These techniques are usually based on a minimization criterion. For example,
the pseudoinverse based on the singular value decomposition technique simultaneously
minimize the right hand side of eqn (26) and the solution norms (Biglieri and Yao, 1989).
If we use a pseudoinverse technique directly in our flaw detection, the solution sought will
tend to spread over the structural domain in order to satisfy the minimization criteria.
Thus, a numerical treatment different from the conventional pseudoinverse techniques is
required to increase the detection credibility.

Our numerical experiments, which will be discussed in the next section, have indicated
that the curvature mode is much more damage sensitive than the regular displacement
mode. Furthermore, the curvature mode change before and after the presence of the damage
in the structure has a localized nature, that is, the curvature change is concentrated around
the damage location. Based on these observations, an iterative solution procedure is con
structed. In Fig. 1, we have shown the diagram of the solution procedure and the expla
nations for each step following.

The detection procedure includes the following main steps:

Step 1. Initial guess. In this step, the initial guess to the vector {et} in eqn (26), {iZo}, is
taken as

m

{iXo} = I {!Kj-Kjl}
i=1

(27)

which means the solution form takes the shape of the summation of the absolute value of
the curvature difference before and after the damage. This is reasonable guess based on the
observation that the curvature change has the damage localized nature.

Step 2. DC elimination. From Step 1, we can see that the initial guess is taken from the
absolute value of the curvature change. Even though the curvature change correlated with
the localized damage formation, the absolute value away from the damage location is small
but not necessarily zero. Furthermore, the measurement noise may also be introduced into
the curvature modal data. Thus, the initial guess based on equation (27) contains certain
DC bias. Basically, this DC bias is unpredictable in a practical problem. To effectively
eliminate the DC bias, we first define a noise level threshold: all the values in the initial
guess less than fifteen percent of the maximum value are treated as noise. Then the DC
bias, etm is taken as the average of the noise. A refined solution shape, {&}, is obtained by
eliminating the DC bias, etav , from the initial guess {iZo} :
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NO

Fig. I. Flaw detection diagram.

Step 3. Normalization. This step is to select a scalar v such that

min II [A] {va} - [m] {AA} II
'Iv

which yield

[AHa}· [mHAA}
v=

II [AHa} 11 2

and the initial guess is scaled to

(28)

(29)

Step 4. Optimal solution. The vector {eta} from Step 3 is close to a solution under a
minimum norm sense, but {eta} does not necessarily satisfy eqn (26) exactly due to the
noise. The purpose of this step is to find a solution {et} for eqn (26) in the neighborhood of
{eta}, i.e.

min II{et} - {eta}ll.
V([A]{oc} ~ (tl,;})

Using Lagrangian multiplier A, we construct a cost function J as
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By minimizing J with respect to {C(}, we get
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(30)

(31)

where In x n stands for the identity matrix. Equation (31) can be solved easily by standard
methods.

Step 5. Noise level OK? Generally, we are able to get a satisfactory solution from eqn
(26). For high noise level cases, the solution can be improved by going back to Step 2.

6. EXAMPLES

6.1. Numerical simulations
To verify the flaw detection algorithm derived above, a simply-supported beam with

uniform bending stiffness EIo and length L is numerically simulated. Two damage cases
were tested. The stiffness losses of the single damaged and double damaged cases are shown
in Fig. 2(a), (b). The boundary value problem is solved for the intact beam first. Then the
damaged beam eigenvalue problem is solved by using the Rayleigh-Ritz method with the
intact beam eigenfunctions as a trial family. In Fig. 3, the first three displacement modes,
curvature modes and the shape differences due to a single damage are shown. Similarly, in
Fig. 4, we have shown the first three modes of the double damage case. From Figs 3 and 4,
two points are clearly seen:

(1) curvature modes are more sensitive to the presence of damage in the beam;
(2) curvature modes give out more localized information. The influence of the damage

to the displacement mode shapes tends to spread all over the structure, while the influence
on the curvature modes is concentrated near the damage locations.

6.1.1. Comparison of the effect ofdamage on curvature and displacement modes. Before
we verify the detection algorithm, it is worthy numerically to check the effects of damages
on the displacement mode shapes and curvature mode shapes. Using the generated data
for intact and damaged beams, we examined quantities of

and

!'!k = In c/>;(X)!'!L[c/>;(X)] dO

for single and double stiffness loss cases and listed in Tables 1 and 2, where error is defined
as (!'!k- !'!k)/!'!k x 100%.

From Tables 1 and 2, it is clearly seen that effects of the damage on the displacement
mode shapes are very small. In practical damage detection application, assuming mi = 1 in
eqn (24) should not induce any significant error. Whereas, the effect of the damage on
curvature modes may be significant, for example, interchanging the intact and damaged
curvature mode shapes in the left-hand side of (16) (or in (24)) in the two cases can cause
up to 25% error.

6.1.2. Validation of detection algorithm. To verify the detection algorithm (26), two
measuring configurations are simulated. In the first configuration, we assume that there are
10 sensors on the beam and measuring data of the first 10 modes are available. In this case,
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Fig. 2. Simulated stiffness losses: (a) single-damaged stiffness loss; (b) double-damaged stiffness
loss.

Table I. Effects of damages on mode shapes, single-damage case

Mode no. m M tJ.k Error (%)

I 0.999996 0.619167 0.523343 15.48
2 0.999970 22.5090 19.2705 14.39
3 0.999961 83.5577 72.5582 13.16
4 0.999989 40.2181 35.0562 12.83
5 0.999964 150.110 129.193 13.93
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Fig. 3. (a) First mode of the single-damaged beam; (b) second mode of the single-damaged beam;

(c) third mode of the single-damaged beam.

Table 2. Effects of damages on mode shapes, double-damage case

Mode no. m Ai( t!.k Error (%)

1 0.999983 1.03098 0.79047 22.36
2 0.999927 17.3730 14.5962 15.98
3 0.999908 49.1550 44.0058 10.48
4 0.999626 232.851 173.353 25.55
5 0.999964 156.609 129.193 17.51
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Fig. 4. (a) First mode of the double-damaged beam; (b) second mode of the double-damaged beam;

(c) third mode of the double-damaged beam.
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(a) Damaged Displ. Mode NO.3 (d) Damaged Curvature Mode No.3
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Fig. 4-Continued.

matrix A in the detection eqn (26) is a square matrix with full rank, thus the detection
solution is unique. In Figs 5 and 6, we have shown the full rank solutions for the single
damaged beam and double-damaged beam, respectively. In Figs 5 and 6, the solid lines
indicate the simulated stiffness distribution of the damaged beams, while the dashed lines
represent the detection results. It is seen from these figures that the damage locations are
identified precisely. The detected damage magnitudes are accurate in the integration sense.

In practice, the number of experimentally obtained modes is usually smaller than the
number of measuring stations on the structure, thus matrix A in eqn (26) is rectangular.
There are more unknowns than equations in (26). In this case, the solution is not unique.
We have to use numerical procedures to solve the detection solutions. In Figs 7 and 8, we
have shown the solutions following the solution steps described in Section 5. In this
configuration, we assumed there were 20 measuring locations on the beam. Only the: first
five modes were used in detection.

6.2. Experimental examples
A brief summary of the validation of the theory by conducting experiments is discussed

in this section. Twelve-ply woven glass cloth and epoxy matrix composite beam specimens
were manufactured and tested. Damages were introduced by saw-cut and hammer impact
(see Fig. 9). Experimental modal analyses were first conducted on intact beam specimens.
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Fig. 5. Single-damaged beam full rank detection.
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Fig. 6. Double-damaged beam full rank detection.

The intact curvature modes were recorded for reference. To introduce the saw-cut damage,
the intact beam was cut at 8.75 cm from the cantilever end. The depth of the through width
saw-cut is about half of the specimen thickness. Experimental modal analysis was then
conducted on the saw-cut damaged specimen to obtain the curvature modal shape. For
impact damage case modal analysis was carried out for the intact beam first. The damage
was introduced by hammer impacts in the region of 10-12.5 cm from the fixed end. The
impact damaged specimen was then used in modal analysis experiment to obtain the
curvature mode shapes.

In the modal analyses, a PVDF (Polyvinylidenefluoride) sensor was used to detect the
response, and a PCB hammer input was used to excite the specimens. A GENRAD modal
analysis system was used for data acquisition and modal analysis. Typical PVDF film
thickness ranges from 20 to 100 Ilm, thus, in practice, we can neglect the sensor thickness
without introducing significant amount of error. With the assumptions that all in-plane
strains are negligible, we have a general charge-deformation relation for a plate as
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Fig. 8. Double-damaged beam iterative detection.

(32)

where q is the signal received by the AID converter; G is the total electronic circuit gain; h
is the distance from the sensor surface to the structure local neutral plane; S is the sensor
area; w is the flexural displacement of the plate; eijs are the piezo constants of the PVDF
film. Usually, in PVDF the e 36 is negligibly small and e31 and e32 can be made to equal, thus
eqn (32) is reduced to

(33)

where Kxx and Kyy are the averaged local curvatures in x and y directions. In beam cases,
equation (33) can be further simplified as
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Fig. 10. Measured first curvature mode (mass normalized) of the beam with saw-cut damage, intact
and the corresponding curve-fit.

(34)

Equations (33) and (34) indicate that the PVDF sensor output is proportional to the local
curvatures.

From the numerical simulation analysis, it is indicated that the sensitivity of the
curvature mode shapes to the stiffness loss damage is higher than that of the displacement
mode shapes. Furthermore, the stiffness loss damage reflected in the curvature modes is
local in nature. The results obtained from experiments support the numerical conclusions.
In Figs 10 and 11, the measured first two curvature modes of the saw-cut damaged beam
and its corresponding intact beam, together with the curve-fit result, are shown. It is clearly
seen that the curvature modes of the damaged beam have an abrupt change at the damage
location (8.75 cm from the left end).

Using the curvature mode shapes of the intact and the saw-cut damaged specimens,
we construct the matrix [A], where Ai} = E1Ki(x})Ki(X), in eqn (26). From Table 3 we can
construct the vector {~A} in eqn (26), where ~Ai is the eigenvalue difference between the
saw-cut damaged beam and the intact beam. Following the detection procedures proposed
in Section 4, we conduct the flaw detection and the detection result is shown in Fig. 12.
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Fig. 11. Measured second curvature mode (mass normalized) of the beam with saw-cut damage,

intact and the corresponding curve-fit.
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Fig. 12. Detection results of the saw-cut damaged beam.

Similarly, we conducted the flaw detection for the impact damaged case. The curvature
and frequency information of the hammer impact damaged beam and the corresponding
intact beam are shown in Figs 13-14 and Table 4. The sensitivity and the locality of
curvature modes to the impact damage are also revealed in this case. The detection results
are displayed in Fig. 15.

7. CONCLUSIONS

In this paper, a flaw detection algorithm is derived that use only experimental data.
The basic assumptions used in the derivations are: the damage can be described as a stiffness
loss in the structure; the damage occurs in the structure and the boundary conditions remain
unchanged after the damage; the structure was stable before the damage occurred; the
presence of the damage in the structure does not alter the stability of the structure. Based
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Fig. 13. Measured first curvature mode (mass normalized) of the beam with impact damage, intact
and the corresponding curve-fit.
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Fig. 14. Measured second curvature mode (mass normalized) of the beam with impact damage,
intact and the corresponding curve-fit.

on these assumptions, we derived an integral equation that relates the damage parameters,
modes of the undamaged structure, modes of the damaged structure, and natural frequency
changes. The integral equation was then used to derive a flaw detection algorithm. The
following are the conclusions drawn from this research:

(l) A flaw detection algorithm has been derived which has a systematic mathematical
background in a form of integral equation based on fundamentals of mechanics without
using empirical judgment during the flaw detection.

(2) The curvature changes induced due to damages cannot be neglected.
(3) The detection algorithm uses the eigenvalue as well as eigenfunction information of the

system, which is expected to have better detection performance in comparison with
those detection methods use only partial system information such as eigenvalue infor
mation or eigenfunction information alone.
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Table 3. Frequency information of the saw-cut damaged and intact beams (Hz)

Mode no.

Saw-cut damaged
Intact

23.443
23.966

2

150.729
152.258

3

414.189
425.879

4

829.636
830.007

Table 4. Frequency information of the impact damaged and intact beams (Hz)

Mode no.

Impact damaged
Intact

L........

25.996
27.313

2

162.400
169.443

Impact Damage Detection

3

462.642
477.673

4

904.907
935.420

0.8

EI/(EI)o

0.6

0.4

o 0.05 0.1 0.15 0.2 0.25

Beam Length (m)

Fig. 15. Detection results of the impact damaged beam.

(4) The input to the flaw detection uses only experimental data. System modeling is not
required in flaw detection.

(5) Damage locations and the corresponding damage severities can be identified sim
ultaneously.
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